We investigate the existence of positive solutions for a fractional boundary value problem at resonance. By means of a fixed point theorem of increasing operators, the minimal and maximal nonnegative solutions for the problem are obtained.
Introduction
We are concerned with the following fractional boundary value problem (P): In recent years, there has been much work related to boundary value problems at resonance for ordinary or fractional differential equations. We refer the reader to [-] and the references therein. In most papers mentioned above, the coincidence degree theory was applied to establish existence theorems. In [-], the authors obtained the minimal and maximal positive solutions by using a fixed point theorem of increasing operators.
In this paper, we use this method to solve the boundary value problem (P). For the convenience of the reader, we recall some notations.
Let X and Y be real Banach spaces, L : 
in Y and we have the following theorem.
and u is uniquely determined.
As a consequence of the above theorem, the author obtained the equivalence of the following two assertions:
Now we introduce the notion of lower and upper solutions.
are said to be coupled lower and upper solutions of the equation 
Preliminaries
Now, we introduce some notations, definitions and preliminary facts which will be used throughout this paper.
Definition . The Riemann-Liouville fractional integral operator of order α >  of a function g is defined by
provided that the right side integral is pointwise defined on (, +∞).
Definition . The Caputo fractional derivative of order α >  of a continuous function g is given by
when n is the smallest integer greater than or equal to α, provided that the right side integral is pointwise defined on (, +∞).
here n is the smallest integer greater than or equal to α.
Define the operators L and N , respectively, by L :
then the boundary value problem (P) can be written as Lu = Nu, u ∈ K ∩ dom(L).
Lemma . We have
and
Taking into account the boundary conditions (.), we get
Let us show that
For y ∈ Im L, there exists u ∈ dom(L) such that y = Lu ∈ Y . By Lemma ., it follows that
It is easy to get
then the boundary conditions (.) imply
On the other hand, suppose that y ∈ Y and satisfies
Now, define the operators P : X → X by
It is easy to see that the operators P and Q are both projectors. In fact, for t ∈ [, ],
Similarly we show that Q is a projector. Obviously, Im P = Ker L and Ker Q = Im L.
Lemma . The operator L : dom(L) ⊂ X → Y is a Fredholm operator of index zero, and its inverse K
where
This means that L is a Fredholm operator of index zero. Let us find the expression of
Substituting C by its value in (.) we get
where k(t, s) is given by (.).
Main result
Define the isomorphism
We have the following result.
Lemma . We have
JQN + K p (I -Q)N u(t) =  
G(t, s)f s, u(s) ds,
G is continuous and nonnegative on
Proof We have
It is easy to see that G is continuous according to both variables
Then the boundary value problem (P) has a minimal solution u * and a maximal solution
Proof We will prove that all conditions of Theorem . are satisfied. From the proof of Lemma ., we know that L is a Fredholm operator of index zero. In view of condition (H  ), we get Lu  ≤ Nu  and Lv  ≥ Nv  , so condition (C  ) of Theorem . holds. For u ∈ K , we have
Since G(t, s) is continuous and nonnegative for t, s
By virtue of the equivalence assertions, we conclude that 
similarly we get the expression of v n , moreover, we have For any x, y ∈ K ∩ dom(L), we have 
